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MOORE  SCHOOL  OF  ELECTRICAL  ENOINCERXNS  PHILADELPHIA  PA 
MULTIPATH  IN  THE  THREE-DIMENSIONAL  UNDERMATER  ARRAY. (U) 
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FIGURE  3.1  IIULTIPLE  VERTICAL  BE.LMS  }'0R  MULTIPATH  RESOLUTION 
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Here  0^  is  the  vertical  angle  to  which  the  array  is  to  be  focused; 

(x  ,  y  ,  z  )  is  the  position  of  the  nth  array  element.  (1)  assumes  M  ray 
n  n  n 

arrivals  each  given  by  B  e  with  vertical  arrival  angle  0  . 

m  m 

We  concentrate  on  tiie  output  whe-n  tlie  source  is  on  the  main  beam;  that 

is,  when  (f>  =  90°.  Then 
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We  calculate  the  mean  power  response  of  the  array  given  by 
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the  Kronocker  delta,  so  that 
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We  assume  all  vectors  (v  ,  z  ) ,  n.  =  1,  2 ,  . . .N  identically  distributed. 

'  n .  n .  1 

1  1 

Furthermore,  the  random  variables  y  and  z  are  assumed  independent  and 

"i  "i 

symmetrical  around  the  origin.  Then 
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The  expectations  on  the  right  are  characteristic  functions, 
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where  the  random  variable  u  is  cither  v  or  z  and  t  is  correspondingly 

'  n  n  T  o  j 

either  k(sinO  -  sinO  )  or  k(cosO  -  cosO  ).  The-  random  variables  will  here 
ms  ra  s 

be  specified  as,  cither,  uniformly  distributed  in  an  interval  (-h,  h) ,  or 

2 

normally  distributed  around  zero  with  variance  O  .  Thus  for  the  uniform 


case 


.  ,  .  sin  ht 
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and  for  the  norm.nl  case 
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If  the  variables  v  and  z  are  both  ni'rmal  with  variance  O,.  and  0_, 
n  n  y  z 

respectively,  we  havi’ 
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If  the  variable  y  is  normal  with  variance  O  and  the  variable  z  is 
n  y  n 

uniform  in  (-h,  h)  then 
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An  inspection  of  (10)  or  (11)  leads  to  the  conclusion  that  if  the 
vertical  dimension  of  the  at  ray  is  in  the  order  of  10  wavelengths  the 
vertical  beatwidth  will  be  about  -t  1°.  Furt  ierr.;ore  rays  entering  through 
this  narrow  heatrwidth  (hence  exclud  ing  cth-.-r  rays  arriving  at  vertical 
angles  outside  the  vertical  hear.widt'n)  will  no  sufficiently  compact  to 
avoid  the  effect  of  phase  decorrel at  ion  across  tho  array. 

Wc  are  therefore  led  to  propose  the  following  concept.  Let  the 
array  simultaneously  form  contip.uous  vertical  beans  as  indicated  in 
Figure  3.1.  Outputs  corresponding  to  each,  bcaa'  will  be  simultaneously 
present.  Ihese  outputs  are  then  coherently  combined.  The  operations 
required  are  as  indicated  in  Figure  3.2.  The  me.chanisri  being  suggested 
is  similar  to  that  used  in  nng.lc  of  arrival  diversity  coirauinication  sys¬ 
tems  with  maximal  ratio  coiabinirtg  of  tlie  diversity  ^.igual^■..  As  a  rule 
in  these  .svstems  e.ieh  diversity  I  rnnclt  li.is  a  sej'.it.ite  direct  iv«.t  sen.sor 
and  [ifi  n!;;pl  i  f  icr.  Here  sensors  and  pr  o.ii  :p  1  i  t  i  r  s  are  coii'mon  for  all 
brancfios. 
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Because  sensors  are  common  one  may  question  the  effect  of  noise 
generated  at  the  sensor  or  preamplifier  input.  Will  such  noise  be 
independent  when  observed  at  the  point  of  combination  of  the  diversity 
branches?  The  following  is  a  discussion  of  that  point. 

A  filter 


H(f)  -  A(f) 

which  acts  as  a  constant  gain  device  and  constant  phase  shifter  -  that  is, 
with 


A(f)  =  A 

<t>([)  =  -i  sgn  f  (<t>  a  constant) 


can  be  represented  by 


H(f) 


A  ^  =  A  CCS  (-:  sgn  f) 


j  A  sinC-:'  sgn  f) 


=  A  cos:  -j  A  sin  ;  sgn  f 


A  filter  with  frequency  characteristic 

H|^(f)  =  -j  sgn  f 

is  a  Hilbert  transforming  filter  so  t’nat  a  wave  function  n(t)  applied  to 
H(f)  as  defined  above  emerges  as 

n  (t)  -  A  cosA  n(t)  +  A  sin A  n(t) 
o 

where  n(t)  is  the  Hilbert  Transform  of  n(t). 

By  direct  a;>j']  icaf  ion  of  the  definitions  and  by  use  of  the  statistical 
properties  of  the  Hillievt  Irar.sfoim  one  can  rdiow  tiiat  for  slationarv, 
zero  mean,  proces.si's , 
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^n^(t+T)  =  A^<^n(t+T)  n(t)^  = 

Input  and  output  autocorrelation  functions  are  proportional. 
the  input  autocorrelation  function.  Also, 

<n  (t+t)  n(T)  \  =  A  cos4>  R  (t)  +  A  sin^i  R  (t)  , 

o  /  n  n 

giving  a  relationship  between  input-output  cross-correlation  function  and 

A 

the  input  autocorrelation  function.  R  (t)  is  the  Hilbert  Transform  of 

n 

R^(t),  Finally  for  an  input  n(t)  applied  to  separate  filters 


e 


sgn  f 


and  H^Cf)  =  e 


the  cross-correlation  function  of  the  two  outputs  n  (t)  and  n  (t)  is 

°1  ■ 

<^no^(t+T)  n^^(t)>  =  A^A^EcosCOj^-^.^)  R^(t)  +  sinWj^-^)^)  \('0] 

Consider  now  the  block  diagram  of  Figure  3.2.  Each  branch  is  com¬ 
prised  of  the  sum  ot  n  inputs,  one  from  each  array  element  and  phase 
shifter.  Brancii  i,  for  instance,  contains  a  wave  function 


N  (t)  =  I  n  (t)  =  [  (cosi  n  (t)  +  siiv^  n  (t)] 

^  n=l  n=l  " 


where  n  (t)  is  the  output  at  the  n'th  sensor,  and  n  , (t)  is  the  phase- 
n  onl 

shifted  output  of  the  n'th  sensor  contributing  to  branch  1.  is  defined 

’nl 

In  Figure  3.2. 
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The  output  Nj^(t)  will  ultimately  be  applied  through  the  second  filter 
with  characteristic  given  by  A^e  resulting  in  an  output 


Mj^(t)  =  [cos(iJ'^^  +  i  sin(4>^^+  ij)^) 

n=l 


For  all  I  branches  taken  together  we  get 
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We  view  the  be  Gaussian  noise,  present  at  the  sensor  outputs 

generated  in  the  sensor,  its  prea!'-.-.)!  i f i or  a;u!  tiie  sensor's  iirmediate 

surroundings.  ■.■.'e  as.-:u:-.;e  n  (t)  is  ir.depend  ’nt  of  n  (t)  for  n  /  m.  Thus 

n  ni 

we  exclude  external  noise  which  r.uy  bv  correlated  acror.s  seveinil  sensors 
The  variance  of  h'(:)  is  then 
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U'c  have  ut.ed  the  i  n.i.p.'nd-  :u  •  viidi.’i.-.  ..  .e.  :  .i)  i  n.b'pendencc' 


of  n  (t)  and  n  (t)  for  all  n  aiid  m  for  a  Gaussian  procoss.  It  can  be 
n  tn 

shown  that 

so  that 
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To  continue  this  analysis  we  require  the  joint  statistical  properties 
of  the  phase  shifts  and  the  aaplitude  factors.  For  our  purposes  at  present 
we  may  assume  the  A^  constant  for  all  i  =  1,  2,  ...1.  But  the  phase  shift 
properties  are  needed.  Note  the  following.  If  =  1,  all  i,  and 
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cos(o 

ni 


except  when  i  =  j ,  then 

<"'<')>  ■  1 1 

However,  if  the  angular  differences  were  small  so  that 
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cos(4i 
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for  all  j  and  j  thou 

<id(t)  >  ■  d  I  <"/<o> 

In  tiie  latter  case  the  branch  noises  are  correlated  and  add  cohercntlv. 
In  the  forner  case  ilicy  .ire  ur.covrelated  and  add  incoherently . 

The  difference  .angle  stati.stics  are  under  inve>sligation  and  will  be 
reported  later.  A  jireliminary  cil  cul.itiou  indicates  that  for  the  array 
size  envl;.ji)ned  in  this  appl  .i ('at  i on  llie  'mj’ul.'ir  d i  f  ft’rt'nrc.s  riay  he  large 
enongh  ft>r  the  1.  irst  ('rridition  .’hove  to  he  approximately  correct. 
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